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In this paper, we derive the solutions of orbit equations for a class of naked singularity spacetimes,
and compare these with timelike orbits, that is, particle trajectories in the Schwarzschild black hole
spacetime. The Schwarzschild and naked singularity spacetimes considered here can be formed as
end state of a spherically symmetric gravitational collapse of a matter cloud. We find and compare
the perihelion precession of the particle orbits in the naked singularity spacetime with that of the
Schwarzschild black hole. We then discuss different distinguishable physical properties of timelike
orbits in the black hole and naked singularity spacetimes and implications are discussed. Several
interesting differences follow from our results, including the conclusion that in naked singularity
spacetimes, particle bound orbits can precess in the opposite direction of particle motion, which is
not possible in Schwarzschild spacetime.
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I. INTRODUCTION
The Schwarzschild spacetime is unique, static, spher-
ically symmetric vacuum solution of Einstein equations.
It represents a non-rotating, uncharged black hole. It is
generally believed that when a star with mass greater
than a critical mass (greater than about 4M) exhausts
all its nuclear fuel, it then undergoes a catastrophic, con-
tinual gravitational collapse, finally terminating into a
black hole. Using Einstein equations, one can show that
a spherically symmetric, homogeneous, dust collapse al-
ways terminates into a Schwarzschild black hole. Op-
penheimer, Snyder, and also Datt, first showed the dy-
namical collapse solution (OSD collapse) of a spherically
symmetric, homogeneous, dust cloud [1],[2].
Further to this, more physically realistic gravitational
collapse models, such as those with inhomogeneous mat-
ter distribution, or those with non-zero pressures and
other scenarios have been studied in detail. It is seen, for
example, that an inhomogeneous collapse, e.g. in a phys-
ically more realistic case with matter density higher at
center, results in a strong curvature singularity which can
be locally or globally visible. A visible or naked singular-
ity has rather different causality structure as compared to
the black hole case. For the homogeneous dust collapse
case, the trapped surfaces and apparent horizon close to
the center are formed before the formation of the central
strong singularity, and therefore the singularity is always
locally and globally covered. On the other hand, for inho-
mogeneous collapse, there are classes of initial conditions
for which the central strong singularity forms before the
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formation of the trapped surfaces and apparent horizon.
In such a case, the singularity is always at least locally
naked [3–6]. With larger values of pressure, one can show
that in asymptotic time, without forming the trapped
surfaces, the collapsing matter cloud can equilibrate it-
self into a static, singular spacetime, which include the
Joshi-Malafarina-Narayan (JMN) spacetimes, Bertrand
space-times etc, which are the examples of such static,
singular spacetimes formed as an end state or equilib-
rium state of gravitational collapse in asymptotic time
[7–9].
There are many different catastrophic collapses which
are happening in our universe at different scales. In stel-
lar scale only baryonic matter collapse is important. On
the other hand, in galactic halo scale or in galaxy clus-
ter scale, along with baryonic matter collapse one has to
consider dark matter collapse as well[10–12]. In these dif-
ferent collapsing scenarios, for various initial conditions,
different types of final static spacetimes can be formed.
Depending upon initial conditions, the final spacetime
can be a black hole (rotating or non-rotating, charged
or uncharged), JMN spacetimes, Bertrand spacetimes or
other possible static spacetimes.
Based on recent research works such as above, the
current emerging scenario is, a massive star undergo-
ing catastrophic gravitational collapse towards the end
of its life cycle may terminate into a black hole or a
naked singularity, depending on the initial conditions
from which the collapse starts. Both the black holes
and naked singularity models would have very different
physical properties and there must be some distinguish-
able observational signatures of those different space-
times. Various researchers have investigated this possi-
bility and the observational signatures of different naked
singularity spacetimes have been examined in some de-
tail. In [8], [13] the authors investigated the accretion
disk properties and gravitational lensing properties of
naked singularity spacetimes. In [14], the shadows cre-
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2ated by a black hole and a JMN naked singularity are
compared and it is shown that for some cases, the naked
singularity spacetime casts a similar shadow compared
to what a Schwarzschild black hole does. This is an im-
portant theoretical prediction in the context of recent
observation of the shadow of M87 galactic center [15]. In
[16],[17] astrophysical importance of Bertrand spacetimes
is discussed. The gravitational lensing due to the Janis-
Newman-Winicour (JNW) naked singularity is discussed
in [18], where authors have reported that JNW spacetime
can cast a shadow which closely resembles to the shadow
of a Schwarzschild black hole. Therefore, the theoretical
predictions of possible observational signatures of naked
singularity spacetimes would be worth exploring.
From such a perspective, another possibility that we
explore in the present work is, comparing the particle
trajectories in certain black hole and naked singularity
spacetimes. We know that freely falling massive parti-
cles follow timelike geodesics. The curvature and causal
structure of the spacetime determines the nature of these
timelike geodesics or nature of the particle trajectories.
Therefore, observing and studying timelike geodesics in a
given geometry gives information about the causal struc-
ture of that spacetime. There are many literature where
the timelike geodesics in different spacetimes are investi-
gated [19–35].
It may be useful to note here that recently, GRAV-
ITY and SINFONI, which are near infrared integral field
spectrometers, reported their updated data on the stellar
motions near the center of our milky way [36–38]. These
observations can give the information about the nature
of the central object (SGR-A*) in our Milkyway galaxy,
which is considered to be a super massive black hole with
the mass of about 106M. In such a context, it would be
important to do a comparative study of the nature of the
timelike geodesics in different black hole and singularity
geometries, and how they possibly differ from each other.
In this paper, we discuss the timelike geodesic in the
1st and 2nd kind of JMN (JMN-1 and JMN-2) space-
times. JMN-1 spacetime is an anisotropic fluid solution
of Einstein equations with zero radial pressure. On the
other hand, JMN-2 spacetime is an isotropic fluid solu-
tion of Einstein equations. Both of these spacetimes have
a central naked singularity. We then compare these tra-
jectories with those for a Schwarzschild black hole.
In black hole physics, while we study different black
hole geometries, it is important to study the underly-
ing physical processes that would give rise to such black
holes. In astrophysical settings, it is the gravitational
collapse of a massive star that would possibly create a
black hole. For example, a spherical homogeneous col-
lapse would create a Schwarzschild black hole, which has
an event horizon and a singularity at the center. A physi-
cally more realistic class of collapse models, with non-zero
pressures and inhomogeneities in the matter distribution
included were studied in [39–41]. The final outcome of
the collapse asymptotically then was obtained as an equi-
librium configuration, with a singularity at the center,
but with no event horizon, as trapped surfaces fail to form
as the collapse proceeds. Such a family of naked singu-
larity static spacetimes was in fact alluded to by Tolman
many years ago [42]. The accretion disk properties as
well as the shadow properties for these models was stud-
ied in detail in [8],[14], and these were compared to the
black hole spacetimes in order to explore the key possible
theoretical differences, and possible observational impli-
cations were explored and examined. In the next section,
we outline the key details of these models, whereas for a
further discussion, we refer to the above references.
The paper is organized as follows. The next section
(II) discusses the relevant properties of JMN spacetimes
needed for our purpose here, of studying the timelike
trajectories. In section (III), we discuss the effective po-
tentials for timelike geodesics in JMN spacetimes and
Schwarzschild spacetime, and also we compare the orbit
equations for massive particles in these two geometries.
In section (IV), we start from an approximate solution
of these orbit equations to explain various characteris-
tics of particles orbits in the Schwarzschild and JMN
spacetimes. This comparison of orbits brings out dif-
ferent distinguishable properties of particle orbits in the
Schwarzschild black hole spacetime and JMN naked sin-
gularity spacetimes. We then conclude with a discussion
of the final results and the possible future pointers.
II. JMN SPACETIMES
The JMN-1 and JMN-2 spacetimes have the following
line elements,
ds2JMN−1 = −(1−M0)
(
r
Rb
) M0
(1−M0)
dt2 +
dr2
(1−M0) + r
2dΩ2 , (1)
ds2JMN−2 = −
1
16λ2(2− λ2)
[
(1 + λ)2
(
r
Rb
)1−λ
− (1− λ)2
(
r
Rb
)1+λ]2
dt2 + (2− λ2)dr2 + r2dΩ2 , (2)
where both the spacetimes match with the Schwarzschild geometry at the boundary r = Rb. In JMN-1, the pos-
3itive constant M0 should be always less than 1, and in
JMN-2, λ is a positive constant and its value is less than
unity. Here, dΩ2 is dθ2 + sin2 θdφ2 due to the spherical
symmetry of JMN spacetimes. In this paper, we use the
units where Newton’s gravitational constant (GN ) and
light velocity (c) is equal to one.
Generally, modelling of a compact object is performed
by considering a high density compact region in vacuum.
Therefore, the exterior spacetime of a compact object is
considered as the Schwarzschild spacetime. JMN space-
times also can be glued with Schwarzschild spacetime
at a boundary r = Rb. Therefore, we have a spacetime
structure which is internally JMN-1 or JMN-2 and exter-
nally matched to a Schwarzschild spacetime, where the
Schwarzschild geometry can be written as,
ds2 = −
(
1− M0Rb
r
)
dt2 +
dr2(
1− M0Rbr
) + r2dΩ2 , (3)
where the Schwarzschild radius (Rs) is Rs = M0Rb,
and as 0 < M0 < 1, so we have Rb > Rs. The total
Schwarzschild mass (MTOT ) is MTOT =
M0Rb
2 . In gen-
eral relativity, for the matching of two spacetimes at a
particular spacelike or timelike hypersurface, we need to
satisfy two junction conditions:
1. The induced metrics of internal and external space-
times on the matching hypersurface should be iden-
tical with each other. One can see that this is sat-
isfied for the above two metrices (1), (2) at the
timelike hypersurface r = Rb. From the induced
metric matching we get, M0 =
1−λ2
2−λ2 , for JMN-2.
2. Another condition is to match the extrinsic cur-
vatures (Kab) at the hypersurface. Extrinsic cur-
vature can be expressed in terms of the covariant
derivative of normal vectors on the hypersurface:
Kab = e
α
ae
β
b∇αηβ , where eαa is the tangent vectors
on the hypersurface and ηβ is the normal to that
hypersurface.
One can show that due to the zero radial pressure of
JMN-1 spacetime, the extrinsic curvatures of JMN-1 and
Schwarzschild spacetimes at r = Rb are automatically
matched with each other [44]. On the other hand, JMN-
2 spacetime is seeded by an isotropic fluid, therefore, it
can be shown that in order to match extrinsic curvature,
the pressure in JMN-2 should vanish at r = Rb. Pressure
in JMN-2 can be written as,
PJMN−2 =
1
(2− λ2)
1
r2
[
(1− λ)2A− (1 + λ)2Br2λ
A−Br2λ
]
,
(4)
where A =
(1+λ)2Rλ−1b
4λ
√
2−λ2 and B =
(1−λ)2R−λ−1b
4λ
√
2−λ2 . It can be
checked that PJMN−2 becomes zero at r = Rb.
As we mentioned, JMN spacetimes can be formed as an
end state of gravitational collapse. It can be shown how
a general collapsing metric with non-zero pressure can
reach to an equilibrium state in asymptotic time without
forming an apparent horizon. It may be worth noting
here that, using Newtonian mechanics, one can show how
a self-gravitating fluid withN number of particles reaches
to a virialized state in asymptotic time. Such a system
of gravitationally interacting particles is considered to be
virialized when,
〈T 〉 = −1
2
〈VT 〉, (5)
where 〈T 〉 and 〈VT 〉 are the average kinetic energy and
average total potential energy (over a large system time
period) respectively. Analogous to Newtonian virializa-
tion process, the equilibrium process which is mentioned
in [7], also takes an asymptotic time to equilibrate the
collapsing matter cloud. This type of quasi-static col-
lapse would be of relevance in the context of dark mat-
ter halo formation and galaxy formation as well [43],[44].
Therefore, the final asymptotic spacetimes (e.g. JMN-
1, JMN-2 or others), which can be formed as an end
state of the pressure supported quasi-static collapse may
give some distinguishable astrophysical signatures be-
tween the black hole and naked singularity collapse final
states. This is in the sense that since these spacetimes
are static, non-vacuum solutions of Einstein equations,
their timelike orbits should be distinguishable from the
timelike orbits in the vacuum black hole spacetime, and
it is these differences that are studied and reported in
this paper.
III. THE PARTICLE ORBIT EQUATIONS IN
SCHWARZSCHILD, JMN-1 AND JMN-2
SPACETIMES
A. Timelike Geodesics in General Spherically
Symmetric, Static Spacetime
We can write a spherically symmetric, static spacetime
as,
ds2 = −gtt(r)dt2 +grr(r)dr2 + r2(dθ2 +sin2θdφ2) , (6)
where gtt,grr are the functions of r only, and the az-
imuthal part of the spacetime shows the spherical sym-
metry. For a particle which is freely falling in this type
of spacetime, the angular momentum (h) and the energy
(γ) per unit of particle’s rest mass are always conserved,
where the angular momentum and energy conservation
are the direct consequence of spherical and temporal sym-
metry of the above spacetime (6). The conserved h and
γ of a freely falling particle in the static, spherically sym-
metric spacetime can be written as,
h = r2
dφ
dτ
, γ = gtt(r)
dt
dτ
, (7)
where τ is the proper time of the particle and we consider
θ = pi2 . We know that freely falling particles always follow
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FIG. 1: Here the region where (V ′′eff )JMN−2 > 0 is shown,
where we have taken Rb = 1000. We can see that
(V ′′eff )JMN−2 > 0 is always valid inside the region 0 ≤ λ < 1
and 0 ≤ r ≤ Rb.
timelike geodesics, for which vµv
µ = −1, where vµ is the
particle’s four-velocity. From this normalization of four-
velocity we can write an effective potential which plays
a crucial role on particles’ trajectories in a spacetime.
For the static and spherically symmetric spacetime which
is mentioned in eq. (6), the effective potential can be
written as,
Veff =
1
2
[
gtt(r)
(
1 +
h2
r2
)
− 1
]
, (8)
where the total energy (E) can be written as,
E =
grr(r)gtt(r)
2
(
dr
dτ
)2
+ Veff (r) , (9)
where E = γ
2−1
2 . To find the stable circular trajectories
of particles we need Veff (rc) = E, V
′
eff (rc) = 0 and
V ′′eff (rc) > 0, where rc is the radius of the circular orbit.
If we change h or γ keeping all the other parameter of
the metric constant, then the radius of the stable circular
orbit also changes. Using Veff (r) = E, V
′
eff (r) = 0, one
can write down the required h and γ for a circular orbit
at a given radius,
h2 =
r2(
2gtt(r)
rg′tt(r)
− 1
) , γ2 = 2g2tt(r)
rg′tt(r)
1(
2gtt(r)
rg′tt(r)
− 1
) , (10)
where the above conditions are true for both stable and
unstable circular orbits. For stable circular orbits we
have to consider another constrain V ′′eff (r) > 0. Bound
non-circular orbits can be describe by solving Veff (r) =
E which gives the radius of minimum approach (rmin)
and maximum approach (rmax) of the particle towards
the center. Therefore, one can define bound orbits of the
freely falling particles in the following way,
Veff (rmin) = Veff (rmax) = E ,
E − Veff (r) > 0 , ∀r ∈ (rmin, rmax). (11)
Now if we want to describe the shape of an orbit of a
particle with some conserved value of h and E, we then
need to describe how the radial coordinate r changes with
azimuthal coordinate φ. Using eq. (9) we get,
dφ
dr
=
h
r2
√
grr(r)gtt(r)√
2(E − Veff )
(12)
For some simplification, the above equation can be writ-
ten in terms of u = 1r , and then one can write a second
order differential equation by differentiating the above
equation with respect to φ,
d2u
dφ2
+
u
grr(u)
−
[
u2
2g2rr(u)
+
1
2g2rr(u)h
2
− γ
2
2gtt(u)g2rr(u)h
2
]
dgrr(u)
du
+
γ2
2g2tt(u)grr(u)h
2
dgtt(u)
du
= 0 . (13)
From the above orbit equation, it can be seen that the
shape of the orbit depends totally on the spacetime where
the test particle is freely falling.
B. Orbit equations for Schwarzschild, JMN-1 and
JMN-2 Spacetime
While the Schwarzschild spacetime is a static, spheri-
cally symmetric, vacuum solution of Einstein equations,
it has necessarily a strong singularity at the center which
is covered by a null surface, the event horizon. As we
stated in previous subsection, due to the temporal and
spherical symmetry, Schwarzschild spacetime also has
5two conserved quantities: the energy (γSCH) and angular
momentum (hSCH) per unit rest mass of the freely falling
particle in this spacetime. Using eq. (7), the conserved
quantities γSCH and hSCH for Schwarzschild spacetime
can be written as,
γSCH =
(
1− M0Rb
r
)(
dt
dτ
)
, (14)
hSCH = r
2
(
dφ
dτ
)
, (15)
Using the general expression of the effective potential
in the eq. (8), the effective potential for Schwarzschild
spacetime can be written as,
(Veff )SCH =
1
2
[(
1− M0Rb
r
)(
1 +
h2SCH
r2
)
− 1
]
.
(16)
From the above expression of effective potential, we can
derive the expression of hSCH and γSCH for circular
geodesics,
γ2SCH =
2 (r −M0Rb)2
r (2r − 3M0Rb) , h
2
SCH =
M0Rbr
2
(2r − 3M0Rb) ,(17)
where we use the general expressions of γ and h in
eq. (10). From the above expression of conserved quanti-
ties for circular geodesics, it can be seen that no circular
orbit is possible in the range: 0 ≤ r ≤ 3M0Rb2 . In terms of
the total mass (MTOT ) of the black hole, this range can
be written as 0 ≤ r ≤ 3MTOT , where MTOT = M0Rb2 .
However, for stable circular orbits, along with above two
conditions in eq. (17), we need (V ′′eff )SCH > 0. One can
write the expression of (V ′′eff )SCH as,
(V ′′eff )SCH =
2MTOT
r
(
6MTOT − r
3MTOT − r
)
. (18)
Therefore, for stable circular orbits we need γ and h as
stated in eq. (17) and r ≥ 6MTOT . There cannot be any
stable circular orbits below r = 6MTOT in Schwarzschild
spacetime, therefore, r = 6MTOT is known as the In-
nermost Stable Circular Orbit (ISCO). For bound or-
bits in this spacetime, the conditions which are stated
in eq. (11), should be fulfilled. Using the eq. (13), we
can write the shape of particle’s orbits in Schwarzschild
spacetime,
d2u
dφ2
+ u =
3M0Rb
2
u2 +
M0Rb
2h2
. (19)
As we mentioned before, JMN-1 and JMN-2 spacetimes
are spherically symmetric, static, non-vacuum solutions
of Einstein equations. These spacetimes are seeded by
anisotropic fluid (with zero radial pressure) and isotropic
fluid respectively. Both these spacetimes can be formed
as an asymptotic end state of a quasi-static gravita-
tional collapse process [7],[8]. Both these spacetimes have
strong curvature singularities at the center. There are no
event horizons in these spacetimes, therefore, the quan-
tum gravity effects around the singularities at the center
can be visible by asymptotic observer, at least in princi-
ple. Using previously discussed technique, we can derive
now the effective potential for JMN-1 and JMN-2 space-
times,
(Veff )JMN−1 =
1
2
(1−M0)( r
Rb
) M0
(1−M0)
(
1 +
h2JMN−1
r2
)
− 1
 , (20)
(Veff )JMN−2 =
1
2
 1
16λ2(2− λ2)
[
(1 + λ)2
(
r
Rb
)1−λ
− (1− λ)2
(
r
Rb
)1+λ]2(
1 +
h2JMN−2
r2
)
− 1
 , (21)
where hJMN−1 and hJMN−2 are the conserved angular
momentum per unit rest mass of the test particles in
JMN-1 and JMN-2 spacetimes respectively. For JMN-1
spacetime, the conditions for stable circular orbits are,
γ2JMN−1 =
2(1−M0)2
(
r
Rb
) M0
1−M0
(2− 3M0) , (22)
h2JMN−1 =
r2M0
2− 3M0 , (23)
(V ′′eff )JMN−1 =
M0
R2b
(
r
Rb
) 3M0−2
1−M0
> 0 . (24)
From the above three equations, it can be understood
that for M0 <
2
3 , JMN-1 spacetime has stable circular or-
bits of any radius. Therefore, unlike Schwarzschild space-
time, in JMN-1 spacetime, for M0 <
2
3 , there is no such
region where unstable circular orbits exist. On the other
hand, for M0 >
2
3 there is no solution for stable circular
orbits at any value of r, as hJMN−1 and γJMN−1 be-
come imaginary. As we previously mentioned, the λ pa-
rameter in JMN-2 space-time should be inside the range
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(a)particle orbits in Schwarzschild where
M0 = 0.09,h = 200,E = −0.0268
-1000 -500 500 x
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y
(b)Particle orbit in jmn-1 where
M0 = 0.09,h = 200, E = −0.0268
-1000 -500 500 1000 x
-1000
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500
y
(c)Particle orbit in jmn-1 where
M0 = 0.55,h = 1100, E = −0.004
-1000 -500 500 1000 x
-1000
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500
1000
y
(d)Particle orbit in JMN-2 where λ = 0.9,
h = 290, E = −0.0445
-1000 -500 500 1000 x
-1000
-500
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y
(e)Particle orbit in JMN-2 where λ = 0.1,
h = 892, E = −0.04885
FIG. 2: In this figure, particle orbits in Schwarzschild, JMN-1 and JMN-2 are shown. It can be seen that for M0 = 0.09 (JMN-1)
and λ = 0.9 (JMN-2), the angular distance travelled by the particle to reach one perihelion point to another perihelion point
is less than 2pi, whereas for M0 = 0.55 (JMN-1) and λ = 0.1 (JMN-2) it reaches after 2pi rotation. The black dark region in
the diagram of orbit in Schwarzschild spacetime shows the position of the black hole and the brown circle shows the minimum
approach of the particle towards the center. The black circle outside the orbit in JMN-2, shows the position of matching radius
Rb = 1000.
70 ≤ λ < 1 and M0 = 1−λ22−λ2 . Now, if we consider the
matching radius Rb = nMTOT where n is a positive num-
ber, we can write, Rb = n
M0Rb
2 =
nRb(1−λ2)
2(2−λ2) , which im-
plies,
λ =
√
n− 4
n− 2 . (25)
The above equation shows that the matching radius Rb
for JMN-2 spacetime should be 4MTOT ≤ Rb <∞. One
can see that when n→∞ or Rb →∞, the value of λ→ 1.
Therefore, λ close to unity implies a largely extended
compact object which has JMN-2 geometry inside, and
outside the object, the spacetime is Schwarzschild. On
the other hand, in JMN-1 spacetime there is no mini-
mum limit of Rb, Rb can have any value between zero to
infinity. Using eq. (10), we can write the conditions for
circular orbits in JMN-2 spacetime as,
γ2jmn−2 =
1
16

r2
{
−(1 + λ)2 + (λ− 1)2
(
r
Rb
)2λ}3 (
r
Rb
)−2λ
λ3(λ2 − 2)
{
(1 + λ)2 + (λ− 1)2
(
r
Rb
)2λ
2λ
}
R2b
 , (26)
h2jmn−2 =
r
2(1− λ)(λ+ 1)
{
(1 + λ)− (1− λ)
(
r
Rb
)2λ}
λ
[
(λ+ 1)2 + (λ− 1)2
(
r
Rb
)2λ]
 . (27)
We can see from the above expressions of γJMN−2 and
hJMN−2 that for 0 ≤ λ < 1 we can get circular orbits.
For stability of circular orbits, we need (V ′′eff )JMN−2 > 0.
Due to the large analytical expression of (V ′′eff )JMN−2, in
fig. (1) we numerically show the region where it is greater
than zero. One can see that (V ′′eff )JMN−2 > 0 is possible
for the region 0 ≤ λ < 1 and 0 ≤ r ≤ Rb. Therefore,
like JMN-1 spacetime, JMN-2 spacetime also can have
circular orbits very close to the center. Therefore, in both
JMN-1 and JMN-2 space-times, particles can have stable
circular orbit at any value of r ≤ Rb. Using general orbit
eq. (13) for spherically symmetric, static spacetime, one
can write the following orbit equations of a particle freely
falling in JMN-1 and JMN-2 spacetime respectively,
d2u
dφ2
+ (1−Mo)u− γ
2
2h2
M0
(1−M0)
(
1
u
)(
1
uRb
) −M0
(1−M0)
= 0 , (28)
d2u
dφ2
+
u
(2− λ2) −
16λ2γ2u1+2λ
h2
[
(1 + λ)2
(Rb)1−λ
(1− λ)u2λ − (1− λ)
2
(Rb)1+λ
(1 + λ)
] [
(1 + λ)2
(Rb)1−λ
u2λ − (1− λ)
2
(Rb)1+λ
]−3
= 0 (29)
IV. SHAPE OF BOUND ORBITS IN
SCHWARZSCHILD AND JMN SPACETIMES
The orbit equations which are written in eq. (19), (28)
and (29) can give us the information about the shape of
different orbits of freely falling particles in Schwarzschild,
JMN-1 and JMN2 spacetimes respectively. One can nu-
merically solve those orbit equations, however, if we ob-
tain the approximation solution of those orbit equations,
then that can be used to understand some important
properties of the orbits in a better way. As we know, the
Schwarzschild spacetime is asymptotically flat, therefore,
the orbit eq. (19) should tends to Newtonian orbit equa-
tion in weak field limit. One can see that in asymptotic
limit eq. (19) becomes Newtonian orbit equation,
d2u
dφ2
+ u =
M0Rb
2h2
,
where we neglect the u3 term as an asymptotic limit.
As we know, the solution of the above equation is u =
M0Rb
2h2 [1 + e cos(φ)], which suggests that, in asymptotic
limit, the orbiting particle will reach its previous position
after one full 2pi rotation. However, the same is not true
when the particle is near the center and we cannot neglect
the u3 term in the orbit equation in the corresponding
Schwarzschild spacetime.
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(a)M0 = 0.05,h = 105.26, E = −0.02, Rb = 1000
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FIG. 3: Here, particle orbits in Schwarzschild and JMN-1 spacetimes are shown, where we take the Schwarzschild mass
(MTOT =
M0Rb
2
= 25), same for both spacetimes. In the effective potential diagram, the blue line and red line correspond
to JMN-1 and Schwarzschild spacetime respectively and the dotted horizontal black line is indicating the total energy of the
freely falling particle. The black circle outside the orbit in JMN-1, shows the position of matching radius Rb = 1000, which is
greater than the Schwarzschild radius Rs = M0Rb = 50, which is shown by dotted black circle.
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(c)Particle orbit partly in JMN-1 and partly in Schwarzschild
spacetime.
FIG. 4: In this figure, we show the trajectory of a particle when it crosses the matching radius Rb. In the third diagram
the dotted blue line shows what would be the particle trajectory if there is no Schwarzschild spacetime outside. On the other
hand, the solid blue line shows particle’s actual path in JMN-1 spacetime and the solid red line shows particle’s trajectory in
Schwarzschild spacetime.
If we consider the case when the eccentricity of a par-
ticle’s orbit is small enough to neglect the second and
higher order contributions of eccentricity (e), we can
write the following approximate solution for the orbit
eq. (19) of Schwarzschild spacetime,
u =
1
p
[
1 + e cos(mφ) +O(e2)
]
, (30)
where m and p are positive real numbers. As the orbit
equation in Schwarzschild spacetime asymptotically ap-
proaches to Newtonian orbit equation, one can write the
above form of solution. Using eq. (30),(19), one can get
the following expression of p and m by neglecting second
order and higher order terms,
p =
1 +
√
1− 3M20R2bh2
M0R2b
h2
, (31)
m =
√
1− 3M0
p
, (32)
where we do not write the another solution of p =
1−
√
1− 3M
2
0R
2
b
h2
M0R
2
b
h2
, as m becomes imaginary when h >
√
3M0Rb, which is a necessary condition for real values
of p. When h >
√
3M0Rb, we always have p > 3M0 and
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FIG. 5: In this diagram, we take M0 = 0.62. As M0 > 0.6, the minimum value of effective potential in Schwarzschild spacetime
is always outside the matching radius Rb. In the effective potential diagram, the blue line is for JMN-1 spacetime, whereas the
red line corresponds to Schwarzschild spacetime. The blue line ends at the matching radius Rb = 1000.
0 < m < 1, which implies that starting from the closest
approach to the center (perihelion position), after a full
2pi rotation particle would not reach its previous peri-
helion position. To reach the perihelion position again,
the particle needs some extra angle of rotation which de-
pends upon the value of m. This precession of the closest
approach of the orbit is known as perihelion precession.
In Schwarzschild case, as 0 < m < 1, the orbit precesses
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in the direction of particle rotation. In weak field limit,
we can take h √3M0Rb, which implies p = 2h2M0R2b .and
p 3M0. With this limit, we can write the approximate
expression of m as, m =
(
1− 3M20R2b4h2
)
. Therefore, in
weak field limit, if a particle starts from perihelion po-
sition, after a rotation of angle 2pi(
1− 3M
2
0R
2
b
4h2
) it will again
reach the perihelion position. Therefore, the particle has
to travel extra
δφprec =
6piM20R
2
b
4h2
=
6piM2TOT
h2
.
This δφprec is the weak field limit of the precession angle
of a particle’s orbit in Schwarzschild spacetime.
Coming now to the JMN case, the approximate so-
lution of the orbit equation (28) corresponding to the
JMN-1 spacetime can also be written considering small
value of eccentricity e. If we transform the u→ uRb, we
can write the eq. (28) in the following form,
u˜
d2u˜
dφ2
+
1
1 + 2δ
u˜2 = Cδu˜
2δ , (33)
where δ = M02(1−M0) , Cδ =
γ2Rb
h2 δ and u˜ = uRb. In
[46],[47], the author introduces an approximate solution
for this type of differential equations. The solution can
be written as,
u˜ =
1
p
[
1 + e cos(mφ) +O(e2)
] 1
2+δ . (34)
Using eq. (28) and eq. (34) we can get the following ex-
pressions of p and m,
p = [Cδ(1 + 2δ)]
− 1
2(1−δ) ,
m =
√
2(1− δ)
2δ + 1
=
√
2− 3M0 . (35)
From the above expression of m, it can be seen that
for 0 < M0 <
1
3 , m is greater than one, whereas for
1
3 < M0 <
2
3 , m is less than one. Therefore, in JMN-1
spacetime, starting from the perihelion position, a parti-
cle can reach the same position before (for 0 < M0 <
1
3
) and after (for 13 < M0 <
2
3 ) one 2pi rotation. Con-
sequently, the nature of the orbits also changes across
M0 =
1
3 . For M0 <
1
3 , the orbit precesses in the oppo-
site direction of particle motion, whereas, for M0 >
1
3 we
get Schwarzschild like precession. In JMN-2, also we can
have two type of precession. In fig. (2), we show all these
properties of orbits in JMN-1 and JMN-2 and compare it
with the orbits in Schwarzschild spacetime. In that fig-
ure, it can be seen that the particle starts form its closest
approach rc = 558.941 in Schwarzschild spacetime and
again reaches to that radius after a 2pi rotation. On the
other hand, in that figure, it is shown that in JMN-1 and
JMN-2 spacetimes, particle can reach the perihelion po-
sition before and after the 2pi rotation. It follows that the
particle orbits and the precession behaviours are signifi-
cantly different in these black hole and naked singularity
spacetimes.
Using eq. (35), one can easily show that the orbits in
JMN-1 spacetime have no precession when M0 =
1
3 or
m = 1. When M0 is very small compared to
2
3 , we can
write the eq. (33) as,
u˜
d2u˜
dφ2
+ u˜2 = Cδ , (36)
where we consider the value of Rb to be large, so that
Cδ =
γ2Rb
h2 δ cannot be neglected. In Newtonian mechan-
ics, the above orbit equation appears when one takes a
logarithmic potential. For 0 < M0  23 , m approaches√
2. Therefore, in this limit, in JMN-1 spacetime, parti-
cle reaches to the perihelion point after 254.56 degrees of
rotation.
As we previously mentioned, in this paper we pedagog-
ically compare the bound orbits in Schwarzschild space-
times and bound orbits in a spacetime structure where
it is internally JMN-1 or JMN-2, externally matched to
a Schwarzschild spacetime. We basically show how a
freely falling particle, with a particular angular momen-
tum and total energy, moves in Schwarzschild spacetime
and in a naked singularity spacetime structure, where the
Schwarzschild massMTOT is same for both Schwarzschild
spacetime and the other spacetime structure. In Fig. (3),
it is shown that the minimum value of effective poten-
tials in Schwarzschild and JMN-1 spacetimes are inside
the matching radius Rb = 1000. It is possible to have
particles’ whole trajectory inside the matching radius Rb
when the following inequality holds,
Rb
h
>
√
2− 3M0
M0
. (37)
One can obtain the above relation by considering the
minimum value of effective potential of JMN-1 space-
time inside the matching radius Rb. With the above
inequality, a particle needs to have certain amount of
total energy to be inside the interior JMN-1 spacetime.
Now, maintaining the above condition, Rbh can have arbi-
trary large values which gives bound trajectories of par-
ticle inside the JMN-1 spacetime. However, as it was
discussed previously (eq. (31)), in Schwarzschild space-
time there exists a lower limit of h below which no
bound timelike orbits are possible. For h >
√
3M0Rb
or Rbh <
1√
3M0
, particles in Schwarzschild spacetime can
have bound orbits. Therefore, to compare with bound
orbits in Schwarzschild spacetime, we need to satisfy the
following condition,√
2− 3M0
M0
<
Rb
h
<
1√
3M0
. (38)
If the above condition is satisfied, with some suitable to-
tal energy, a massive particle can have entire trajectory
inside the interior JMN spacetime. In fig. (3), we take
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FIG. 6: This diagram shows how the behaviour of effective potential changes with h, where we take M0 = 0.65 and Rb = 1000.
M0 = 0.05, therefore the range of
Rb
h is, 6.08 <
Rb
h <
11.547. To maintain this inequality of Rbh , we consider
h = 105.26 and Rb = 1000, where
Rb
h = 9.5 and to
get the entire particle trajectory inside the matching ra-
dius Rb, we take E = −0.02. These parameter values
which satisfy the inequality of eq. (38), allow us to com-
pare the bound, timelike trajectories in a Schwarzschild
spacetime with the bound, timelike trajectories in JMN-1
spacetime. With the above mentioned parameter values,
it can be seen in the fig. (3(b)) and fig. (3(c)) that the
orbit precession in Schwarzschild spacetime is in the di-
rection of particle motion, however, on the other hand,
in JMN-1 spacetime particle’s orbits precesses in the op-
posite direction of the particle’s motion.
In fig. (3), it can be seen that a particle with energy
E = −0.015, cannot have whole bound orbit inside the
matching radius Rb = 1000. This situation is described
in fig. (4), where we take M0 = 0.008, h = 20, E =
−0.003. With the total energy E = −0.003, one can
see in fig. (4(a)) that the particle will cross the matching
radius Rb. In fig. (4(c)), we show that as particle crosses
the matching radius, the trajectory (shown by solid blue
and solid red line) of the particle changes from what it
should be (shown by dotted blue line) in JMN-1 space-
time.
Keeping the matching radius fixed ar r = Rb, if we
make h greater than the value Rb
√
M0
2−3M0 , no bound
orbit will be possible inside the interior JMN-1 space-
time, and only in the external Schwarzschild spacetime
particles can have bound orbits. Therefore, there exists
a maximum limit of angular momentum (per unit rest
mass) h, below which particle’s full trajectory can be in-
side the matching radius Rb. On the other hand, if h <√
3M0Rb, there will be no bound orbits in Schwarzschild
spacetime. As
√
3M0Rb < Rb
√
M0
2−3M0 , it is possible that
the particle can have full trajectories inside the matching
radius. This type of situation is shown in the fig. (6(c)).
Also in JMN-2 spacetime, we have the following inequal-
ity for which it is possible that the particle can have
bound trajectories inside the JMN-2 spacetime and also
in Schwarzschild spacetime,√
1 + λ2
1− λ2 <
Rb
h
<
2− λ2√
3 (1− λ2) . (39)
An important point here is, as JMN spacetimes have no
event horizon, particles with some finite angular momen-
tum can go very close to the central strong singularity.
On the other hand, as we know, in Schwarzschild space-
time, a particle having a bound orbit can only reach up
13
to r = 4MTOT = 2M0Rb and below r = 6MTOT , sta-
ble circular orbit is not possible. In JMN-1 spacetime,
particle with h < M0Rb
√
M0
2−3M0 , can have bound tra-
jectories inside the Schwarzschild radius. In the fig. (5),
with M0 = 0.62, h = 1250, E = −0.02, we show that
particle orbits in JMN-1 spacetime can be inside the
Schwarzschild radius Rs, In fig. (5(a)), we show that
the effective potential has two minimum: one is out-
side Rb and another one is inside the interior JMN-1
spacetime. One can check that this type of potential
is not possible for JMN-2 spacetime for any value of λ.
In fig. (6), we show how the nature of effective potential
changes when we change the h, where the effective poten-
tial corresponds to the spacetime structure which is in-
ternally JMN-1 and externally Schwarzschild spacetime.
The fig. (6(a)) show the situation when
√
2−3M0
M0
> Rbh .
In this case, there is no bound orbit inside the matching
radius, however, in the exterior Schwarzschild spacetime
particle’s bound orbits exist. In fig. (6(b)), we show the
case where the inequality in eq. (38) holds. The third
case (shown in fig. (6(c))) is for Rbh >
1√
3M0
. In this case,
bound orbit of the particle can only be possible inside
the interior JMN-1 spacetime.
V. DISCUSSION AND CONCLUSION
In the present investigation, we examined the timelike
particle trajectories in the JMN and Schwarzschild ge-
ometry, in order to explore the causal structure of these
spacetimes, and to understand the main characteristic
differences between the two. The study of these or-
bits bring out several interesting differences in the causal
structure of these black hole and naked singularity space-
times, some of these are summarized as below:
• In the Schwarzschild spacetime, the bound trajec-
tories of a massive particle always precess in the
direction of the particle motion. However, in JMN
naked singularity spacetimes, for a range of param-
eter values, the bound orbits precess in the opposite
direction of particle motion, which is a very novel
feature. In JMN-1 spacetime, for 0 < M0 <
1
3 , the
orbits of a massive particle precess in the opposite
direction of particle motion and for 13 < M0 <
2
3 ,
the orbits precess in the same direction of particle
motion. In fig. (2), we show these two situations
and compare it with the Schwarzschild spacetime.
By the eq. (35), we show that there exists a max-
imum value of the angle (δφprec = 254.56 degree)
for the opposite precession of a massive particle in
JMN-1 spacetime.
• In Schwarzschild spacetime the perihelion point of
a timelike orbit always lies in r > 2M0Rb. On
the other hand, in JMN naked singularity space-
time, the perihelion point of a timelike orbit lies in
r > 0 region. Therefore, in JMN spacetimes, a mas-
sive particle can go very close to the central naked
singularity. In Schwarzschild spacetime, there ex-
ists an inner most stable circular orbit (ISCO) at
r = 3M0Rb, however in JMN spacetimes, stable
circular orbit of a massive particle can exist at any
radius. This difference can create distinguishable
accretion disk properties which can be detectable
[8],[14].
• In fig. (6), it can be seen that the effective potential
of JMN spacetimes becomes positive infinite at the
center. This indicates that in JMN spacetimes, a
massive particle with non-zero angular momentum
cannot reach the center. However, as the effective
potential in Schwarzschild spacetime becomes neg-
ative infinity at the center, a massive particle with
non-zero angular momentum and suitable total en-
ergy can reach the center.
As we know, GRAVITY and SINFONI are continu-
ously observing the stellar motion around the Milkyway
galaxy center. This observation can give us important
information about the causal structure of galactic cen-
ter, and on its mass and dynamics. In this context, we
show in this paper that, the timelike geodesics in JMN
naked singularity spacetime can be significantly different
from the timelike geodesics in Schwarzschild spacetime.
There are other astrophysical important naked singular-
ity spacetimes (e.g. the JNW spacetime, Bertrand space-
time) for which we can do a similar comparison with
Schwarzschild spacetimes, which will be reported sepa-
rately [48].
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